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Computational fluid dynamics (CFD) simulations are becoming increasingly widespread with the advent of more powerful
computers and more sophisticated software. The aim of these developments is to facilitate more accurate reactor design and
optimization methods compared to traditional lumped-parameter models. However, in order for CFD to be a trusted
method, it must be validated using experimental data acquired at sufficiently high spatial resolution. This article validates
an in-house CFD code by comparison with flow-field data obtained using magnetic resonance imaging (MRI) for a packed
bed with a particle-to-column diameter ratio of 2. Flows characterized by inlet Reynolds numbers, based on particle
diameter, of 27, 55, 111, and 216 are considered. The code used employs preconditioning to directly solve for pressure in
low-velocity flow regimes. Excellent agreement was found between the MRI and CFD data with relative error between the
experimentally determined and numerically predicted flow-fields being in the range of 3–9%. VVC 2012 American Institute of

Chemical Engineers AIChE J, 58: 3904–3915, 2012
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Introduction

The motivation for this work is to develop and validate
computational fluid dynamics (CFD) codes for the prediction
of two-phase flow with chemical reaction in packed-bed
reactors or, as they are more commonly called, trickle-bed
reactors. As a first step in achieving this, we report the
implementation of a CFD code for the prediction of single-
phase flow in a packed bed and the quantitative comparison
of the CFD prediction with velocity fields within the bed
recorded using magnetic resonance imaging (MRI). Several
validation studies of single-phase simulations have been pre-
viously reported in the literature. The purpose of the valida-
tion presented in this article is to demonstrate that an explicit
density-based solver (used here in preference to the more
common implicit pressure-based approach) can simulate
low-speed flow with adequate accuracy. To this end, simula-
tion results will be compared to highly spatially resolved
velocity maps obtained from MRI experiments.

Trickle-bed reactors are broadly defined as reactors in
which the liquid and gas phases flow cocurrently downward
through a packed bed. They are the most frequently used

type of gas–liquid–solid reactor and are used in a wide range
of applications in the chemical and biochemical processing
industries.1 Examples of applications of trickle-bed reactors
include oxidation and hydrogenation reactions, hydrocrack-
ing, hydrodenitrogenation, and wastewater treatment.2,3

Trickle-bed reactors can be operated in a range of flow
regimes depending on the fluid properties, flow rates and re-
actor characteristics. The regimes are typically divided into
two groups based on the interaction of the liquid and gas
flows and the subsequent impact on the flow pattern. The
low gas and liquid velocities associated with trickle flow
comprise the low-interaction regime, where the flow of one
phase is not affected by the flow of the second phase.
Increasing the gas and liquid velocities yields greater inter-
actions between the two phases impacting the flow pattern,
giving rise to the so-called high-interaction regimes (includ-
ing pulsing, bubble, and spray flow).4–7

Many industrial trickle-bed reactors are operated either in
trickle or pulsing flow or in a region near to the transition
regime, and thus, understanding the nature and characteris-
tics of the hydrodynamics of these regimes has been a sub-
ject of long-standing interest.6,8–12 Although physically sim-
ple, trickle-bed reactors are inherently difficult to model
numerically due to the coupling of reaction kinetics, mass
transfer, global- and local-scale hydrodynamics, and two-
phase interaction.13 This complexity has a direct impact on
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computational modeling and scale-up methods, which often
rely on correlations and nonvalidated codes to predict the in-
ternal hydrodynamics and mass transfer. Prevalent hydrody-
namical phenomena of interest inside trickle-bed reactors
include two-phase flow, flow transition, capillary action, liq-
uid dispersion as a result of a changing porosity profile and
flow hysteresis, and maldistribution.

CFD studies

CFD is a powerful tool for modeling fluid flow in chemi-
cal reactors. CFD is becoming increasingly widespread with
the advent of mainstream multicore processors in addition to
the increased processing power of the cores themselves.
In consequence, CFD has been applied to a variety of
areas including turbomachinery,14,15 aerospace flows,16 and
weather modeling.17

In a chemical engineering context, CFD is used to aid
reactor design, optimize usage and diagnose faulty operation
within existing reactors. In this context, CFD simulations
can be broadly categorized into two approaches: the poros-
ity-distributed resistance (PDR) approach whereby the poros-
ity is implicitly included in the geometry via the generation
of a radial porosity distribution superimposed on an empty
domain, and high-fidelity simulations in which all the inter-
nal components of the reactor are individually modeled. The
work presented in this article is based on the latter simula-
tion procedure.

Gunjal et al.18 used a CFD code validated with MRI data
recorded by Suekane et al.19 to determine the effect of the
single-phase flow structure and packing on heat transfer and
surface stress in a packed-bed reactor; this is an example of
a high-fidelity simulation. The CFD code (FLUENT) was
validated using a one-dimensional (1-D) slice of the highest
Reynolds-number data through a slice in the geometry with
the highest cross-sectional area. The highest Reynolds num-
ber was chosen due to the low scatter in the reported experi-
mental data compared with the other experimental results. In
subsequent computations, it was assumed that the validated
code would maintain the same level of accuracy for flows
with lower Reynolds numbers and in other regions of the ge-
ometry with narrow parts and contact points. The assumption
that the validation holds for lower Reynolds numbers and
through areas of the reactor with lower cross-sectional areas
has yet to be fully demonstrated in the literature. In the
work of Gunjal et al.,18 the pressure field was determined
using the SIMPLE algorithm based on the correction of a
guessed pressure field to satisfy the continuity equation. This
requires the solution of a Poisson equation for the pressure
correction, which loses convergence effectiveness as the
mesh is refined to achieve a higher spatial accuracy. An
alternative approach is to use preconditioning methods
within a density-based solver, which is the method used in
this work. This approach is taken because we wish to pro-
duce high-fidelity simulations for low-velocity flows at high
spatial resolution with high accuracy; such simulations will
be computationally expensive. Using a density-based solver,
we not only avoid the use of a Poisson solver but also
develop a code which is easily parallelized, as the algorithm
is fully explicit. We use the preconditioning method20 to
extend the validity of the density-based approach to the low
flow velocities typical of trickle-bed reactors.

Two-phase flow simulations have been investigated by a
number of groups,13,21–25 demonstrating the need to imple-

ment the inertial, gravitational, viscous, and capillary forces
in the momentum balance used in the computation to investi-
gate the hydrodynamics of the trickle-flow regime. Dixon
and Nijemeisland26 used a high-fidelity simulation to predict
radial temperature profiles in packed-bed reactors and con-
cluded that CFD analysis had the potential to generate a
large amount of pertinent data for use in 3-D heterogeneous
models or closure relationships. Subsequent work provided
insight into the near-wall effect and wall hot-spot formation
caused by local catalyst deactivation and asymmetric temper-
ature profiles across the catalyst particles.27,28 We note for
completeness that the work of Dixon and Nijemeisland26

addressed higher particle Reynolds numbers than are consid-
ered in the work to be presented here.

Jiang et al.21 have also addressed a wide range of issues
related to CFD studies of trickle-bed reactors by application
of the PDR class of simulations. Three different models for
the particle–fluid exchange coefficients for closure of the
capillary pressure terms were investigated; the stochastic na-
ture of the exact 3-D interstitial void structure was cited as
one of the principal challenges of modeling a trickle-bed
reactor. It was also noted that there is no overall governing
force in a trickle-bed reactor, with contributions from the
capillary, gravitational, viscous, and inertial forces of
approximately the same order of magnitude. Later work
incorporating the mixing-cell network model with CFD
showed heterogeneity of the liquid reactant within a trickle-
bed reactor even with a uniform inlet flow condition, with
high concentrations in zones of high porosity. Such effects
would have a direct impact on the concentration of reactant
available at the catalyst surface, and thus, the effectiveness
of the trickle-bed reactor.22

High-fidelity CFD studies by Lopes and Quinta-Ferreira23

have highlighted the influence of local-scale interstitial phe-
nomena in trickle beds on the utilization of the catalyst bed
and liquid flow maldistribution. The impact of operating
pressure on the liquid holdup profile within the reactor was
also investigated, with increasing operating pressure found to
smooth the radial profiles for liquid and gas holdup. More
recently, Lappalainen et al.24 used PDR-based CFD to inves-
tigate liquid dispersion via the mechanical, capillary, and
overloading mechanisms, showing that mechanical dispersion
is dominant for larger particles and that capillary dispersion
is dominant for smaller particles. It was noted that the effect
of imposing a random Gaussian fluctuation on the radial
porosity profile served to generate minor dispersive flow
behavior when separate models for dispersion were not
included; however, this behavior became irrelevant when
capillary and mechanical dispersion were explicitly modeled.
This implies that imposing a random Gaussian fluctuation on
the radial porosity profile in a PDR-style simulation appears
to recapture some of the physics that has been lost by not
explicitly modeling the effects of dispersion in the balance
equations.

It is generally recognized that CFD codes should be fully
validated with experimental data in order for the computa-
tional results to be accepted and usable in reactor design and
optimization. Codes such as FLUENT and CFDLib have
been validated21,25 by comparing global hydrodynamic
parameters such as bed pressure drop and liquid holdup to
experimental data as well as measurements of liquid velocity
at low spatial resolution. Such approaches do not consider
whether or not the simulation is accurately reproducing the
true internal flow structures and the extent of local
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hydrodynamic variation in the flow field. In this article, MRI
data are used as a means to validate the local hydrodynamics
of single-phase flow in a packed bed computed by an
in-house CFD code. Given that the literature has demon-
strated that CFD simulations are in agreement with global
hydrodynamic parameters,18,25 it is essential that the simula-
tions are also shown to accurately predict the local flow
fields both qualitatively and quantitatively. Once the single-
phase nonreactive flow has been validated, further studies
can be initiated to validate the code for two-phase reactive
flow. MRI is an ideal tool for validating CFD results owing
to its ability to noninvasively resolve important hydrody-
namic quantities such as flow fields, holdup, wetting effi-
ciency, and porosity at high spatial resolution.29–31

The structure of this article is first to present, briefly, the
MRI method used to acquire the data, followed by the pre-
sentation of the computational method to discretize the
fluxes and solve the Navier–Stokes equations using a den-
sity-based solver. It is an aim of the article to predict low
Reynolds number flows assumed as incompressible, as these
flow fields are important in determining the heat and mass
transfer performances of packed-bed reactors. Particular
focus will, therefore, be given to the preconditioning method
used to solve the incompressible Navier–Stokes equations,
which uses a compressible time-marching algorithm and cou-
ples the velocity and pressure fields together without the
need for a further numerical method for solution of the Pois-
son equation for pressure. Simulation results for four cases
will be presented as 2-D contour plots of Reynolds number
as a qualitative indication of the flow fields within the
packed bed, followed by a quantitative comparison of the
experimental and computational flow fields by examining
distribution functions and 1-D velocity plots across four
chosen regions of the geometry.

Experimental and Computational Methods

MRI measurements

A schematic of the packed bed is shown in Figure 1, indi-
cating how the image slice is oriented with respect to the
bed. The packed bed used in the MRI experiments was a
column of inner diameter 38.0 � 0.1 mm packed with plas-
tic spheres of diameter 19 mm spheres in a structured forma-
tion; each layer was rotated by 90� with respect to the layer
immediately above or below it.33 The flow through the bed
was induced using a pressure head differential between two
reservoirs. Two-dimensional images of the flow through the
bed were taken in an image slice perpendicular to the direc-
tion of superficial flow, through layer 33 of the packing; pre-
viously images had been acquired to confirm that the flow
had fully developed at this position within the bed and that
the flow images were, therefore, free from entrance/exit
affects. All experiments were carried out on a Bruker Spec-
trospin DMX200 14.9 cm bore spectrometer using a birdcage
coil of length and diameter 6.4 cm, operating at a proton
(1H) resonance frequency of 199.7 MHz. The bed was posi-
tioned within the vertical bore of a 4.7 T superconducting
magnet. The velocimetry data were recorded using a stand-
ard spin-echo phase-encoding velocity measurement pulse
sequence,29 in which the velocity is quantified by the phase
shift induced by successive increments of the velocity encod-
ing gradients. Images were obtained at four different inlet
particle Reynolds numbers for water (Rep): 27, 55, 111, and
216. The particle Reynolds number (Rep) is defined as

Rep ¼ qudp

l
(1)

where dp is the particle diameter.
The duration of the velocity encoding gradients was 2 ms

(1 ms for the case of Rep ¼ 216) and the observation time
was 20 ms (11 ms for the case of Rep ¼ 216). Four velocity
encoding gradients of 3.00, 1.50, 0.75, and 0.625 G/cm were
used corresponding to the cases of Rep ¼ 27, 55, 111, and
216, respectively. The acquired images have an in-plane
resolution of 0.195 � 0.195 mm2 and a transverse slice
thickness of 1 mm. The total acquisition time for a single
image was 20 min.

We note that the geometry chosen, and hence flow field
observed, is more complex than that studied by Suekane
et al.19; this results in a more complex evolution of the flow
field due to inertial effects, as a function of Reynolds num-
ber, than will be observed in the simpler packing geometry.
The MRI data used in this work, therefore, provide a greater
test of the capability of the CFD simulation to predict the
high spatial resolution structure of a flow field across a range
of Reynolds numbers. In particular, Suekane at al. studied
the development of inertial flow structures in a packed bed
of five unit cells packed as a simple cubic lattice. Each of
the six layers contained four 1/4-spheres of diameter 28 mm,
packed within a cylinder of internal diameter 46 mm. Within
this packing the main body of the flow is through a central
region of void space containing relatively fast moving liquid.

CFD

The CFD code ‘‘Navier-Stokes and Euler with Tetrahe-
dra’’ (NEWT) is a 3-D unstructured, finite-volume method
code developed at the Department of Engineering at the Uni-
versity of Cambridge.34 It was originally designed for simu-
lation of turbomachinery and other complex flows of interest
and in consequence models the compressible flow of ideal
gases. NEWT is used as the foundation code for this investi-
gation due to its good stability and convergence

Figure 1. Schematic of experimental set-up for acquisi-
tion of MRI data.

The dashed line (i) identifies a representative 2-D image

slice recorded through a layer of the bed, typical of that

used in this study. Figure reproduced from Sains.32
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characteristics and the ability to access and edit the source
code, which is written in FORTRAN.

In the low-subsonic flow regime associated with trickle-
bed reactors, the velocity magnitude of the flow becomes
small in comparison to the speed of sound. This reduces the
computational efficiency and decreases the rate of conver-
gence of the solution.35 In this regime, the flow is often
assumed to be incompressible; this decouples the solution of
pressure from velocity, and thus, a pressure-based scheme
such as SIMPLE or an artificial compressibility method36 is
often applied. Nevertheless, there are cases where the flow
can change density even at low Mach numbers. In a trickle-
bed reactor, strongly exothermic and endothermic surface
reactions can cause density gradients as a result of tempera-
ture gradients. In such cases, the flow is no longer fully
incompressible and the choice of solution method is less
clear.37 It is, therefore, advantageous to implement a code
which makes no prior assumptions as to the compressibility
of the flow, and this approach will be adopted here.

In this article, the Navier–Stokes equations have been pre-
conditioned to be able to solve both the compressible and
incompressible governing equations over the range of sub-
sonic and supersonic flow. Preconditioning focuses on the
principle that, for low Mach number flows, the primitive var-
iables (p,u,v,w,T) are of greater importance than the conserv-
ative variables (q,qu,qv,qw,qE).20 A preconditioning matrix
is used to solve the conservation equations for the primitive
variables and to ensure stability and convergence at low
Mach numbers. This facilitates full coupling of the pressure,
accounts for density fluctuations at low Mach numbers, and
enables a solution method applicable at all Mach numbers.38

The following sections will present the governing equa-
tions and the discretization methods used in NEWT.

Governing equations

For the purposes of this study, the single-phase flow is
considered nonreactive and isothermal. As such, the energy
equation is not considered in the simulations. The Navier–
Stokes equations in integral-vector form are

@

@t

Z
X
W dXþ

I
@X

ðFc �FvÞdS ¼
Z
X
Q dX (2)

where W, Fc, Fv, and Q are the vectors of the conservative
variables, convective flux, viscous flux, and source terms,
respectively. For this study, these vectors are

W ¼

q

qu

qv

qw

0
BBB@

1
CCCA;Fc ¼

qV

quV þ nxp

qvV þ nyp

qwV þ nzp

0
BBB@

1
CCCA;

Fv ¼

0

nxsxx þ nysxy þ nzsxz

nxsyx þ nysyy þ nzsyz

nxszx þ nyszy þ nzszz

0
BBB@

1
CCCA; Q ¼

0

qfe;x

qfe;y

qfe;z

0
BBB@

1
CCCA ð3Þ

Preconditioning of the Navier–Stokes equations involves
solving for the primitive variables (Wp) in the first integral of
Eq. (2), and multiplication of the whole equation by a
transformation matrix K

K
@W

@Wp

@

@t

Z
X
Wp dXþ K

I
@X

ðFc �FvÞdS ¼ K

Z
X
Q dX (4)

with the primitive variable vector defined as

Wp ¼

p
u
v
w

0
BB@

1
CCA (5)

The product of the first element of the transformation matrix
K1,1 and the first element of the conservative variable

Jacobian matrix @W
@Wp

� �
1;1

is @q/@p. This differential controls

the propagation speed of acoustic waves in the solution.

Replacing this element with a preconditioning parameter h
facilitates control of the wave propagation speed, allowing

the numerical solution to be stabilized. This yields the

nonconservative preconditioning matrix, Cnc. The parameter

h can, thus, be regarded as an artificial compressibility

coefficient, allowing the compressible equations to be solved

for an incompressible flow using the same numerical

method via the addition of a time derivative to the

continuity equation.38 For an incompressible flow, h is

defined as

h ¼ 1

U2
r

(6)

where Ur is a reference velocity defined for incompressible
flows by

Ur ¼ max vk k; t
Dh

;
j
Dh

; e

ffiffiffiffiffiffiffiffiffiffiffi
Dpk k
p

s
; eVmax

 !
(7)

where e is an arbitrary small number (10�3 in NEWT) chosen

to prevent the reference velocity becoming zero, u is the
kinematic viscosity of the fluid, j is the thermal diffusivity,

and Dh is a measure of the cell size. The choice of this

reference velocity ensures that the solution eigenvalues are all
of the same order of magnitude and that the preconditioned

equations approach the original Navier–Stokes equations as

the Mach number increases to unity.20 The final set of

preconditioned equations is determined by substituting Cnc

into the transformed Eq. 4 and premultiplying by the inverse of

the transformation matrix, �K�1

C
@

@t

Z
X
Wp dXþ

I
@X

ðFc �FvÞdS ¼
Z
X
Q dX (8)

C is the preconditioning matrix, defined for an incompressible
system with no energy equation as

C ¼ K�1Cnc

� �
¼

h 0 0 0

hu q 0 0

hv 0 q 0

hw 0 0 q

0
BB@

1
CCA (9)

In NEWT, preconditioning has been implemented to solve
for an incompressible fluid (with h and Ur shown above), an
ideal gas or a real fluid. In this study, the simulation is run for
the case of an incompressible fluid as only a single-phase
liquid flow is considered.
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Discretization methods

Temporal Discretization. The method of lines is used to

construct the solution equations with time derivatives on the

left hand side, and all other terms summed on the right hand

side. After rearranging Eq. 8 and spatially discretizing the

righthand side, the partial differential equations become an

ordinary differential equation of the form

CXSC;k
dWp

dt
¼ Rc;k þ Rv;k þ Rs;k þ RAD;k ¼ Rtot;k (10)

where Rtot;k is the sum of the residuals of the convective and

viscous fluxes, the source terms and the artificial dissipation at

node k. This is solved in NEWT using a Runge–Kutta time

marching algorithm, which in preconditioned form for m stages is

Wp
ð0Þ ¼ Wp

ðnÞ (11)

Wp
ðmÞ ¼ Wp

ðm�1Þ

þam

Dt

XSC;k
C�1 Rc;k þ Rv;k þ Rs;k

� �
þ RAD;k;prc

� �
ð12Þ

where XSC,k is the volume of the supercell at node k—the total

volume of all cells with node k in common. The stage

coefficients am can be tuned based on the order of accuracy

required. The stage coefficients used in NEWT are am ¼
0.0833, 0.2069, 0.4265, and 1.0000 for m ¼ 1–4. The time

step, Dt, is determined by

Dt ¼ rft
q Dhð Þ2

V0j j þ c0ð ÞqDh þ C min l; l
Pr

� � (13)

where r is the Courant number, Dh is a measure of the cell size

(in this case, the cube root of the supercell volume), ft is a time

step factor allowing for control of the solution progress and V
0

and c 0 are the modified contravariant velocity and speed of

sound for a preconditioned incompressible flow

V0j j ¼ v � nj j
2

(14)

c0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v � nð Þ2

4
þ U2

r

s
(15)

Finally, the inverse preconditioning matrix for an incom-
pressible flow with no energy equation is

C�1 ¼

1=h 0 0 0

�u=q 1=q 0 0

�v=q 0 1=q 0

�w=q 0 0 1=q

0
BB@

1
CCA (16)

Residual smoothing is used to facilitate a larger time step

and to accelerate the progress of the solution.39 The linear

equations are solved using the Jacobi method34

R
�ðmþ1Þ
k ¼

Rk þ er

P
l 6¼k R

�ðmÞ
l

1 þ Nker

(17)

where m is the iteration count, Nk are the number of neighbors

of node k, l is the notation for a neighboring node, and R*

represents a smoothed residual.

The discretization methods used to calculate the residuals
in Eq. 12 are now described.

Convective Flux Discretization. A cell-vertex based
scheme is one in which the values of the solution variables
are stored at the vertices of the tetrahedral elements. The
convective flux is discretized by the summation of the fluxes
over the four faces (i) of the tetrahedral cell

I
@Xj

Fc dS ¼
X4

i¼1

Fc;i (18)

with the face-averaged flux vector Fc;i given by

Fc;i ¼

qVFA;i

qVFA;i uFA;i þ nx;i pFA;i

qVFA;i vFA;i þ ny;i pFA;i

qVFA;i wFA;i þ nz;i pFA;i

0
BBB@

1
CCCA (19)

where /FA;i denotes a face-averaged variable for a flow
quantity /, and the product of the density and the contravariant
velocity is approximated by

qVFA;i � nx;iquFA;i þ ny;iqvFA;i þ nz;iqwFA;i (20)

Each vertex has several cells in common from which it will
obtain a value for the convective flux. The nonweighted sum
method40 is implemented to calculate the nodal convective
flux residual

Rc;k ¼
XNk

j¼1

Rc;J ¼
XNk

j¼1

X4

i¼1

Fc;iDSi

� �
(21)

where Nk is the number of cells with the node k in common.
Viscous Flux Discretization. The derivative components

of the viscous flux vector are approximated by assuming a
constant derivative over the cell volume

@u

@x

� 	
j

� 1

Xj

X4

i¼1

uFA;i nx;i

� �
DSi

� �
(22)

The derivatives required for determining the stress tensor s
are obtained in the same manner as the convective flux by

looping over the four cell faces. As the derivative terms are

piecewise constant over one cell, the surface integral of the

stress tensor becomes zero. The viscous flux is, thus, computed

over the supercell and the integral is discretized to give the

viscous flux residual at node k

Rv;k ¼
I
@XSC;k

Fv dS �
XNsub;k

i¼1
Fv;iDSi (23)

where Nsub,k is the number of faces subtending the node k and

the viscous flux vector over face i is (where /CA;i denotes a

cell-averaged variable for a flow quantity /)

Fv;i �

0

nx;isxx;CA;j þ ny;isxy;CA;j þ nz;isxz;CA;j

nx;isyx;CA;j þ ny;isyy;CA;j þ nz;isyz;CA;j

nx;iszx;CA;j þ ny;iszy;CA;j þ nz;iszz;CA;j

0
BB@

1
CCA (24)
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Source Terms. As the convective and viscous flux resid-

uals are calculated over the volume of the supercells, the

source terms are discretized accordingly

Rs;k ¼
Z
XSC;k

Q dX � Qk XSC;k (25)

Initial and boundary conditions

Initial Conditions. Initialization of the solution is
achieved by applying a constant value for velocity and pres-
sure over the solution domain, or using the solution from a
previous computation. The previous computation can be at a
different mesh resolution, which facilitates the use of a
coarse grid for determining the initial values on a fine mesh.

Inlet Boundary Conditions. The mass flux at the inlet is
specified, along with the vector projection given in terms of
the x, y, and z components of velocity.

Outlet Boundary Conditions. For a subsonic flow the out-
let boundary condition is set to be the static outlet pressure,
defined in this study to be atmospheric pressure. Other flow
variables are extrapolated from inside the solution domain.

Wall Boundary Conditions. No-slip boundary conditions
are implemented by setting all values for all the wall nodes
to zero. If the energy equation is activated, the energy equa-
tion boundary equations implemented in NEWT are either a
fixed wall temperature, fixed wall heat flux, or a zero tem-
perature gradient at the wall.

Geometry and meshing

The code reads meshes generated from a suite of mesh-
generation programs developed in-house.41 It has been
observed that sphere–sphere contact points may cause solu-
tion inaccuracy due to the generation of thin, unsuitable
cells, or failure to generate cells at all.32,42,43 This issue has
been avoided by either under-sizing44 or over-sizing45 the
spheres. The latter procedure is followed here, with the
spheres oversized by 5%. The geometry used is shown in
Figure 2. Geometric parameters of the geometry and mesh
are as follows: total length, 7.07 mm; tube diameter, 2 mm;
particle over-sizing, 5%; Sauter-Mean diameter, 1.2; number
of spheres, 10; number of layers, 5; number of cells,
1,563,534; number of nodes, 245,047.

Solution strategy

The solution strategy was first to run the simulations on a
coarse and intermediate grid (meshed with 367,379 and
1,021,827 cells, respectively) to provide an initial solution
for the finer grid of 1,563,534 cells. The coarse grid solution
was initialized with a parabolic profile condition on the
assumption that the flow at the inlet is that of laminar pipe
flow.

Once an initial solution was provided, the NEWT solution
parameters were systematically adjusted for each case to pro-
vide the best solution convergence. The optimized parame-
ters were selected on the basis of the evolution of the resid-
ual of axial velocity (vx for the NEWT geometry) over a
time span of 5,000 iterations from the base case. The final
optimized parameters are given in Table 1. As is seen in Ta-
ble 1, the value of the parameters vary depending on the
state of progress of the solution. At the beginning of the so-
lution, a small value of ft is required to provide a stable
computation, at this time the flow fields are rapidly develop-
ing. As the solution progresses, this value can be relaxed in
order for a steady-state solution to be reached more quickly.

Postprocessing

Visualization and postprocessing of the results is achieved
using in-house software to obtain slices through the 3-D do-
main and to output values of the co-ordinates and flow varia-
bles to a data file. Then, the data are imported into MAT-
LAB and custom scripts are used to output contour plots,
probability density functions (PDFs) and cumulative distribu-
tion functions (CDFs) of flow variables in addition to flow
profiles over defined sections of the 2-D slice. The scripts
also read in the MRI data to produce the same outputs as the
CFD data. Note that in all comparisons of MRI with CFD
data shown, the MRI data have been extracted from a single
image; no postacquisition averaging across different datasets
has been performed.

Four 1-D slices are chosen on the representative 2-D slice
to validate the CFD data with the MRI data (see Figure 3).

Figure 2. Wireframe outline and mesh of the packed
bed geometry and volumetric mesh used in
the CFD computations.

Table 1. Solution Parameters Chosen for the Four
Computational Cases

Inlet
Rep ft k(2) k(4) r C er

27 0.001–0.4 0.5 0.0078 0.6–0.8 2 0.3–0.5
55 0.001–0.3 0.5 0.0056–0.0078 0.6–0.8 2 0.3–0.6

111 0.001–0.2 0.5 0.0078 0.8 3 0.4–0.8
216 0.001–0.05 0.5 0.01 0.8–0.9 3 0.7–0.9

Figure 3. Representative slices of geometry chosen.

The slices through the data which are used in detailed

comparisons of CFD and MRI data are identified as

I-IV.
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The slices parallel to the y-direction (I and II) are chosen to
highlight the two areas in the upper and lower sections of
the slice which include the velocity maxima and the edge
of the computed flow field, respectively. The slices parallel
to the x-direction (III and IV) are chosen to evaluate the
area of high-flow rate in the low cross-sectional region of
the bed and the region of low- and reverse-flow in the center
of the bed, respectively.

The data are presented as functions of particle Reynolds
number (Rep) for the axial velocity. The notion of using the
Reynolds number to compare fluid systems is consistent with
the notion of dynamical similarity—the ‘‘small’’ CFD system
uses the same Reynolds number as the ‘‘large’’ experimental
setup to compare the two systems under the same flow con-
ditions.46 The Reynolds number is also correlated to the
pressure drop across the bed,47 and thus, if the average
Reynolds number in the CFD simulation is different from
that of the MRI data, a different pressure drop per unit
length would be expected.

As the spheres for the CFD geometry are oversized, the
particle Reynolds number needs to be altered. The MRI data
are acquired at layers in which the free cross-sectional area
is smallest, where the spheres contact the wall. This cross-
sectional area is, thus, even smaller in the case of the CFD
data, where the particle diameters are 5% oversized. This
implies that using the same inlet condition for the MRI
experiment and the CFD computation will result in a larger
average flow magnitude in the CFD simulation due to the
smaller cross-sectional area. The local Reynolds number for
the MRI is, thus, scaled to take into account the ratio of the
MRI cross-sectional area to the CFD cross-sectional by cal-
culating the ratio between the geometry cross-sectional area
and the cross-sectional area of an empty column. For a CFD
grid with normal-sized spheres, this ratio is exactly 2,
increasing to 2.19 for an oversizing of 5%. Therefore, the
MRI Reynolds numbers are scaled by 2.19/2 to account for
the oversized spheres and, hence, enable direct comparison
with the CFD results.

The normalized radial distance is defined on a per-slice
basis, by the length of the geometry in contact with the slice.
This is to optimize use of graph space; slice III, for example,
would occupy relatively little of the graph space if normal-
ized across the same length of the geometry as slice IV.

Results and Discussion

Solution of cases

The cases were iterated to an RMS residual for axial ve-
locity of 10�10, which took between 30,000 iterations for the
Rep ¼ 27 case to 50,000 iterations for the Rep ¼ 55 case.
Each iteration on the fine grid took �13 s on an Intel Xeon
E5507 workstation with 12 Gb DDR3 RAM running open-
SUSE Linux 11.1.

Exploratory solutions on the coarse and intermediate grid
were shown to be highly dependent on the nature of the
flow. The inlet flows with a particle Reynolds number of 27
and 111 converged well to approximate solutions on the
coarse and intermediate grids, whereas the cases with inlet
particle Reynolds numbers of 55 and 216 converged less
well. The fine grid solution proved to be satisfactory for the
case of Rep ¼ 55. The case of Rep ¼ 216 is within the
observed onset of transition to unsteady flow for this geome-
try, as studied by MRI,32,48 and a fully converged solution
was not achieved on either the coarse or fine grid. This

could be due to the grid size not being able to resolve all of
the transitioning elements of the flow field.

The cases of Rep ¼ 27, 55, and 111 are compared in
detail with the MRI data; the 2-D flow maps are also shown
for Rep ¼ 216 to illustrate the onset of flow instability. First,
we discuss qualitatively the general form and structure of
the CFD predictions compared to the MRI data. We then
consider the form of the CDFs and PDFs which allows a
more quantitative comparison of the accuracy of the predic-
tion. Finally, we report the velocity profiles over the four 1-
D profiles outlined in Figure 3 to investigate the flow field
structures presented in the experimental and computational
studies.

Flow field comparisons

Figures 4 and 5 present contour plots of particle Reynolds
number based on axial velocity for the 2-D slices across the
reactor geometry for Rep ¼ 27, 55, 111, and 216. The contour
plots for the CFD and MRI datasets at each Reynolds number
are plotted on the same absolute scale, to provide a direct and
simple comparison between the CFD and MRI data.

The case of Rep ¼ 27 is presented in Figures 4a,b for the
CFD and MRI data, respectively. The CFD simulation cap-
tures the tear-shaped flow pattern well, albeit with slightly
higher magnitudes as seen in the center of the velocity
‘‘eyes.’’ The central areas appear to form qualitatively the
correct shape but with the CFD flow field showing greater
levels of reverse flow, particularly evidenced in regions close
to the wall. It is observed that there is slight asymmetry
present in the MRI flow field, with the velocity eye presenting

Figure 4. Filled contour plots of particle Reynolds num-
ber (based on axial velocity) for CFD and MRI
flow fields.

(a) Inlet Rep ¼ 27, CFD; (b) inlet Rep ¼ 27, MRI;

(c) inlet Rep ¼ 55, CFD; (d) inlet Rep ¼ 55, MRI. The

2-D datasets are obtained from the fourth particle layer

from the top in the CFD simulations, and the 33rd layer

from the top in the column used in the MRI experi-

ments. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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slightly higher magnitudes in the lower-right and upper-left
regions. This is most likely due to the slightly imperfect packing
of the real column—even if the layer at which the data were
acquired was packed perfectly, previous imperfectly packed
layers would still impact the flow field further down the column.

The case of Rep ¼ 55 is presented in Figures 4c,d for the
CFD and MRI data, respectively. At this Reynolds number,
a concave curvature is manifested at the edge of the velocity
eye regions in the MRI results. This is also captured in the
CFD simulation but not to the same extent as in the MRI
image. It is possible that the choice of numerical parameters
required to ensure stability has restricted the extent of the
realization of the curvature in the flow field. Higher reverse
flow is also observed in the central region of the CFD image
and a slight asymmetry is present across the velocity eyes.
The computed flow field in this case is satisfactory—the
main elements of the flow have been captured.

The case of Rep ¼ 111 is presented in Figures 5a,b for the
CFD and MRI data, respectively. At this higher particle
Reynolds number, the velocity eyes present a concave form
with more extreme curvature. Asymmetry is observed again
in the MRI data. The CFD simulation here appears to cap-
ture the key flow elements with the correct magnitude. The
velocity eyes do not exhibit the same degree of curvature as
presented in the MRI data and the central portion of the
high velocity region is slightly more rounded in contrast to
the longer auriform flow in the MRI image. The negative
flow to the side of the central region is again overempha-
sized in the CFD prediction.

The highest flow case of Rep ¼ 216 is presented in Fig-
ures 5c,d for the CFD and MRI data, respectively. This case
was the most difficult case to converge, presumably due to
the onset of transition and consequently the need for a finer
grid to resolve the fine flow structures. Following on from
the previous cases, the velocity eye again contracts longitu-
dinally and further curvature of the velocity eye is observed,
with some flow detachment around the curvature. There is
evidence of some unsteadiness in the flow, particularly in
the bottom half of the flow field. However, the quantitative
comparison is relatively good, capturing the same range of
particle Reynolds numbers across the geometry. The
unsteadiness could potentially be resolved with a finer mesh;
the bottom-left velocity eye in the CFD image appears to be
resolving itself into the shape displayed in the MRI image,
but the solution was not developing quickly. This could be
due to more restrictive solution controls required in regions
of high-velocity gradients such as around the eye, or the
need to be able to vary the numerical parameters across
different regions of the mesh.

Velocity distributions

The CDFs shown in Figure 6 present the distribution of
particle Reynolds numbers in the representative 2-D slices.
This allows a comparison between the CFD and the MRI
data by plotting the fraction of the flow having a magnitude
of a certain value or lower. The PDFs shown in Figure 6
indicate the probability of finding a certain value of Rep

within the flow, giving a quantitative measure of the domi-
nating features within the flow.

For the case of Rep ¼ 27, the CDF of the CFD case
(dashed line) matches the distribution of the MRI data (black
solid line) very well (see Figure 6a). There is a slight sys-
tematic overprediction by the CFD computation up to a
Reynolds number of �150, but the MRI data approaches the
limiting value of unity before the CFD data. This implies an
overprediction by the computation of the high-velocity flow
fields near to the particles. The MRI CDF also approaches
zero before the CFD CDF does, again implying an overpre-
diction of the reverse-flow near to the center of the geome-
try. This could be due to a number of factors—grid fineness
and the representative geometry (not enough layers for a
fully developed flow) are two possible causes. The two
PDFs for this case (Figure 7a) are also in good agreement
and reinforce what is seen in the CDF—an over-prediction
of the high and low Reynolds numbers, particularly around
the point of zero flow. As the flow is laminar, a large stag-
nant region is expected given the relatively stable nature of
the flow and the effect of the geometry. The relative median
error (with reference to the MRI data) in the flow field for
the case of Rep ¼ 27 curve is 4%, demonstrating excellent
agreement with the MRI data. This error is calculated only
from the difference between the computed CFD and meas-
ured MRI values and does not include experimental error.

The case of Rep ¼ 55 (Figure 6b) presents the least satis-
factory prediction for the CDF but overall there is good
agreement. The two distributions converge at high Reynolds
numbers, indicating that the central velocity ‘‘eye’’ has been
correctly predicted. The simulation tends to overpredict
reverse flow at the center of the geometry but gives a rela-
tively smooth quantitative flow distribution. The PDF for
this case (Figure 7b) is of interest as the peak for the MRI
data for zero-flow is higher than the CFD value, implying a

Figure 5. Filled contour plots of particle Reynolds num-
ber (based on axial velocity) for CFD and MRI
flow fields.

(a) Inlet Rep ¼ 111, CFD; (b) inlet Rep ¼ 111, MRI;

(c) inlet Rep ¼ 216, CFD; (d) inlet Rep ¼ 216, MRI. The

2-D slices are obtained from the same slices in the

simulations and experiment as those shown in Figure 4.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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greater distribution of stagnant flow than that is predicted by
the computational model (the reverse is true for the other
cases). These inaccuracies are reflected in the median error
of the computational result of 9%. Future work will involve
exploring this result in more detail.

The case of Rep ¼ 111 (Figure 6c) also predicts the quantita-
tive flow distribution very well, with a median relative error of
2.8%. The MRI flow field shows maldistribution of the flow at
a Reynolds number of �600—this could be due to the non-
ideal packing in the reactor or the imaging of a nonsteady state
in the reactor. The PDF for this case (Figure 7c) shows that the
CFD simulation contains fluctuations at intermediate Reynolds
numbers. This could be as a result of an incompletely con-
verged solution or an issue with computational grid resolution
as was shown by the case of Rep ¼ 216 in Figure 5c, indicating
that more refined meshes are required to capture the onset of
transition and the finer curvature of the flow field.

Velocity profiles

To provide a more detailed quantitative assessment and vali-
dation of the CFD code, four 1-D slices were taken over each
2-D slice, as identified in Figure 3. These slices have been
chosen to investigate the major flow field structures in each
case—the velocity eyes, and the distribution of stagnant and
reverse flow around the center of the geometry. Figures 8–10
show a comparison of the CFD- and MRI-derived axial values
of Rep for each of the four slices, for inlet particle Reynolds
numbers of 27, 55, and 111, respectively. The CFD and MRI
data are shown by the dashed and solid lines, respectively.

Figure 8 presents the 1-D slices for the case of Rep ¼ 27,
which has already been shown to give good agreement of
the CFD with the MRI data, albeit with slight overprediction
of the velocity eyes and the central flow. This is also

Figure 7. PDFs of particle Reynolds number over the
representative 2-D slices.

The CFD and the MRI data are shown by the dashed

and solid lines, respectively. Data are shown for inlet

flows of (a) Rep ¼ 27, (b) Rep ¼ 55 and (c) Rep ¼ 111.

Figure 6. CDFs of particle Reynolds number over the
representative 2-D slices.

The CFD and the MRI data are shown by the dashed

and solid lines, respectively. Data are shown for inlet

flows of (a) Rep ¼ 27, (b) Rep ¼ 55 and (c) Rep ¼ 111.

Figure 8. Particle Reynolds number as a function of
normalized radial distance for inlet Rep 5 27,
over the four slices through the 2-D datasets
identified in Figure 3.

The CFD and the MRI data are shown by the dashed

and solid lines, respectively.

Figure 9. Particle Reynolds number as a function of
normalized radial distance for inlet Rep 5 55,
over the four slices through the 2-D datasets
identified in Figure 3.

The CFD and the MRI data are shown by the dashed

and solid lines, respectively.
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evidenced in the 1-D slices; slices I and III yield higher peaks
of Rep than those in the MRI data. The difference is small, in
the region of �10% for slice I. Slice III shows the asymmetry
present in the MRI data, and more surprisingly also for the
CFD case. The asymmetry in the MRI data is also shown in
slice II, representing the edge of one of the velocity eyes. The
peaks in the CFD solution are translated toward the walls of
the geometry, demonstrating a higher-velocity gradient near to
the walls than that was observed in the MRI data. The central
slice (IV) shows the increased negative flow for the CFD
cases. The asymmetry in the MRI data results in the minimum
being present on one side of the curve. Although the magni-
tude of the negative flow is overpredicted, the flow field pat-
tern appears to be correct. The CFD again shows a greater ve-
locity gradient closer to the wall than the MRI data. This
could be as a result of the no-slip boundary implemented by
the CFD code, enforcing zero velocity at the wall but not stip-
ulating the allowable gradients in nodes near to the boundary.
An alternative reason is the oversized spheres causing the shift
in the normalized radial position.

Figure 9 presents the 1-D slices for the case of Rep ¼ 55.
The earlier analysis showed that the CFD prediction for this
case gave a greater concentration of stagnant flow and less
reverse flow in the MRI flow field, with both flow fields show-
ing approximately the same maximum value for Rep. Slice I
yields similar curves for the two data sets, with the CFD com-
putation having a more well-defined minimum. The MRI data
here approach zero-flow in between the two velocity eyes, as
evidenced in the PDF in Figure 7b by the peak around the
point Rep ¼ 0. Slice III shows the 1-D slice across the top two
velocity eyes, showing the numerical discrepancy of the right-
hand eye as previously observed in the contour plot of Figure
4c. This discrepancy could be due to the solution parameters
being too relaxed in the final computations. Slice IV across
the center further demonstrates the overprediction of reverse
flow by the CFD simulation. The qualitative flow field repre-
sentation in this region is good, with both of the twin peak
shapes accurately conveyed for the CFD flow field but with
the representative minima being smaller than expected. The

existence of the twin peaks could be due to the dual interac-
tions of the flow with the high-velocity fields at the top and
bottom of the domain and the sphere contact point. The peaks
due to particle contact would be expected to be more domi-
nant in the CFD simulation than the MRI data (as shown in
slice IV) due to the oversized spheres in the CFD geometry
giving a larger liquid–solid contact surface area.

Figure 10 shows the representative slices for Rep ¼ 111.
This case showed excellent agreement of the PDF between the
CFD and the MRI, and good qualitative agreement in the flow
field comparison. Here, the velocity eyes predicted by the
CFD (slices I and III) show excellent quantitative agreement,
with the CFD peaks occurring closer to the wall as previously
witnessed. It is interesting to note that a point of inflexion is
observed in the MRI data after the central minimum. This
could be due to the interaction of the reverse flow nearby with
the low velocity flow at the end of the curvature in the eye.
Slice II shows the velocity distributions at the edge of the eye
on the right-hand side of the particle, with the CFD simulation
capturing the shape of the flow field very well. The CFD ve-
locity gradient is higher closer to the wall and the central three
local extrema are smaller in magnitude than the MRI data.
The magnitude of the peaks here is relative to the amount of
curvature at the edge of the eye; the 1-D slice passes through
the edge of the eye and, thus, bisects each eye twice, once in
the ‘‘bulk’’ and once in the curvature. Thus, a larger degree of
curvature would lead to a lower minimum point due to a
larger reverse-flow region encapsulated by the curve, as is
observed in the contour plots in Figures 5a,b. If the CFD solu-
tion was allowed to converge further to a more curved solu-
tion, the minimum of the curve might approach that of the
MRI curve. The central flow profile in slice IV yields the dis-
tinctive two peaks seen for the previous case, with larger outer
peaks as expected due to the increased contact of the two
high-velocity regions for this case. The MRI data here exhibit
the reverse flow before the wall that the CFD computations
also suggest, perhaps indicating the onset of the transition re-
gime and a more unsteady flow.

Conclusions

This article has presented direct validation of a single-
phase CFD code (NEWT) using MRI data for a packed bed
with a particle-to-column diameter of two. The agreement
between computational and experimental flow fields is gener-
ally very good, and serves to increase confidence in the use
of CFD as a modeling tool for predicting flow fields at low
Reynolds number in packed-bed reactors with complex pore
spaces. This method of validation is essential for ensuring
accurate design and optimization work—validations based
on global hydrodynamical parameters give no basis for the
accuracy of the flow fields computed within the geometry,
which are essential for design and scale-up of processes. The
errors in the computational data were shown to be 4, 9, and
2.8% for the cases of Rep ¼ 27, 55, and 111, respectively,
demonstrating excellent agreement with the MRI data.

Several interesting flow features were noted. First, CFD tends
to overpredict the amount of reverse flow in the center of the
geometry. This could be due to the relatively small representa-
tive length of the reactor chosen in the CFD modeling (five
layers, as opposed to 69 in the MRI experiment), thus, not
allowing the velocity components to approach a fully steady-
state solution. Second, the CFD systematically predicts the ve-
locity peaks as being closer to the wall. This could be as a result

Figure 10. Particle Reynolds number as a function of
normalized radial distance for inlet Rep 5
111, over the four slices through the 2-D
datasets identified in Figure 3.

The CFD and the MRI data are shown by the dashed

and solid lines, respectively.
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of the strict implementation of the no-slip conditions at the wall
leading to higher-velocity gradients or more simply due to the
slight oversizing of the particle artificially shifting the position
at which these peaks in velocity occur. Third, the slice over the
center of the geometry showed the existence of two peaks; these
were explained as resulting from the interaction of the flow with
the wall and the particle contact points. The peaks representative
of the wall–fluid contact had larger maxima than the particle–
fluid contact peak, and the particle–fluid contact peaks were
more evident for the CFD flow fields due to the slight oversiz-
ing of the particles, leading to greater surface interactions with
the fluid. Finally, as the inlet particle Reynolds number
increases, the flow becomes more concave and forms strong
curvature at the base of each of the high-velocity regions. This
is reflected in the velocity slices by the existence of a minimum
point in between two local maxima. The CFD code under-pre-
dicted the magnitude of curvature in comparison to the MRI
data, possibly due to the solution not being fully iterated to
steady-state. A further 10,000 iterations (taking approximately
one and a half days) yielded only a small increase in the magni-
tude of curvature, therefore, further increasing the number of
iterations was not considered. Relaxation of the numerical pa-
rameters for faster convergence is not always possible due to
the need for the flow to converge in a stable manner.

This work has also served to validate preconditioning as a
tool to solve for pressure within low Mach number systems,
allowing numerical methods developed for compressible solv-
ers to be used for incompressible flow. The important advant-
age of preconditioning is the ability to retain solution stability
when solving for compressible flow at low Mach numbers—
this will be important in cases where density fluctuations
occur in a low Mach number flow, such as in strongly exo-
thermic and endothermic reactive flows in packed beds. For
this case, MRI is seen as an important tool for validation of
CFD due to its ability to measure noninvasively at high spatial
resolution a wide variety of local flow quantities. It is
expected that the strategy of validation of CFD codes with
MRI data will allow increasing validation of more complex
flow regimes such as the transition regime, turbulence, and
two-phase flow. The validated NEWT code serves as a com-
putational foundation on which more interesting flows can
now be computed. Future work will aim to investigate the
implementation of reaction and two-phase flow into NEWT,
and validation of the CFD computation with further MRI and
reaction data. The validation of the preconditioning method
for single-phase flow creates a foundation on which two-phase
flow studies at low Mach numbers can be investigated. The
impact of numerical parameters and the mesh on solution
stability and accuracy will also be investigated.
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Notation

C ¼ Coefficient for time step calculation
Fc ¼ Convective flux vector

Fv ¼ viscous flux vector
K,K�1 ¼ transformation and inverse transformation matrix

N ¼ column-to-particle diameter ratio
Nk ¼ number of nodes neighboring node k
Pr ¼ fluid Prandtl number
Q ¼ source term vector

Rtot;k ¼ sum of viscous flux Rv;k, convective flux Rc;k, source term Rs;k

and artificial dissipation RAD;k residuals
R* ¼ smoothed residual

Rep ¼ particle Reynolds number (dimensionless)
Ur ¼ reference velocity term, m s�1

V ¼ contravariant velocity, V 	 v � n (V�1—modified for
preconditioned system), m s�1

W ¼ conservative variable vector
Wp ¼ primitive variable vector

c ¼ speed of sound (c0 – modified for preconditioned system), m s�1

dp ¼ particle diameter, m
dt ¼ tube diameter, m

fe,i ¼ i component of body forces (gravity, buoyancy, etc.) per unit mass
ft ¼ NEWT time step factor
n ¼ surface normal vector
ni ¼ component of surface normal vector in i direction
pi ¼ absolute pressure, ith component, Pa

u,v,w ¼ x-, y- and z- components of velocity, m s�1

C,Cnc ¼ Conservative/nonconservative preconditioning matrix
Dh ¼ Measure of the CFD cell size, m
Dt ¼ Solution time step, s
h ¼ Preconditioning parameter

/CA;j ¼ Generic flow quantity f averaged over cell j
/FA;i ¼ Generic flow quantity f averaged over face i

X ¼ CFD cell volume, m3

XSC ¼ CFD supercell volume, m3

am ¼ Runge-Kutta stage coefficient, stage m
e ¼ Arbitrary small number for reference velocity definition

(NEWT: 10�3)
er ¼ Residual smoothing coefficient
j ¼ Thermal diffusivity of fluid, m2 s�1

l ¼ Dynamic viscosity, Ns m�2

m ¼ Kinematic viscosity, m2 s�1

q ¼ Fluid density, kg/m3

r ¼ Courant number
rij ¼ ijth component of viscous stress tensor
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